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Electron-optical phase shift of a Josephson vortex

Marco Beleggia
Materials Science Department, Brookhaven National Laboratory, Upton, New York 11973, USA

~Received 9 September 2003; published 30 January 2004!

The possibility of directly observing Josephson vortices in a superconducting material by transmission
electron microscopy is here investigated. First, the anisotropic London equation for the magnetic field of a
Josephson vortex is solved in Fourier space. Then, from the knowledge of the magnetic field, the vector
potential and the Aharonov-Bohm phase shift are derived. Finally, phase contrast image simulations are pre-
sented. It will be shown that, with current technology, the direct observation of a Josephson vortex is possible.
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I. INTRODUCTION

Recent transmission electron microscopy~TEM! experi-
ments performed on high-Tc superconductors1–3 clearly
shows the formation of one-dimensional vortex chains
YBaCu3O72d ~YBCO! and Bi2Sr2CaCu2O81d ~BSSCO!.
The mechanism of formation of these chains is currently
der intensive investigation. It was proposed in Ref. 3 that
formation of the chains in BSSCO may be related to
presence of a Josephson vortex~JV! which aligns the stan-
dard ~Abrikosov or pancake! vortices along its core. A pos
sible mechanism of interaction between pancake vortices
layered superconductor and the JV which may lead to
formation of chains was suggested in Ref. 4. A theoret
investigation, which will be followed by experimental re
search, is now in progress in order to ascertain if the p
ence of the JV can be inferred indirectly from the expec
effects of this interaction. However, it would be more fruitf
to observe directly a JV in TEM, and to verify the correlatio
between the regular vortex lattice and the JV~or the JV
lattice!. Unfortunately, the only attempt mentioned in th
literature3 to directly observe the JV underneath the ch
failed, due to unfavorable experimental conditions. It is
main purpose of this paper to show that an experime
setup that may allow for direct observation of a JV can
found.

An extensive literature is available for the description o
JV.5,6 However, the analysis up to now does not include
calculation of the vector potential and corresponding ph
shift. The aim of the first part of this paper is to extend t
available description of a JV in a thin film, including th
change in magnetic-field topography induced by the prese
of the specimen surfaces and the vector potential. Then,
lowing the Fourier space approach recently introduced a
theoretical scheme for the investigation of superconduc
vortices by TEM,7–9 the electron-optical phase shift asso
ated with the JV will be calculated analytically. Finally, aft
extracting all the possible information from the phase sh
image simulations will be shown in order to sustain the p
posed experimental setup and the feasibility of the exp
ments.

II. MAGNETIC FIELD

The magnetic fieldB of a JV oriented along thex axis of
a Cartesian reference system~see Fig. 1! satisfies the aniso
tropic London equation
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B2“3~L•“3B!5f0d~y!d~z!x̂. ~1!

HereL is the anisotropy tensor for a uniaxial material,

L5S l2 0 0

0 l2 0

0 0 lc
2
D , ~2!

wherel and lc are the penetration depths in theab plane
and along thec axis, respectively~their ratiog5lc /l is the
anisotropy factor of the material!. The London equation is
particularly suitable for the description of a JV. In fact, th
right-hand side of Eq.~1! describes a core of vanishing ex
tension, which is what a JV is expected to have.5

As the vortex lies along thex axis, the only nonvanishing
component of the field isBx , which is a function ofy andz
only, because the vortex is of infinite extension, which me
invariance alongx. We can therefore write the London equ
tion ~1! for Bx explicitly, considering that the]x component
of the“ operator is zero and that the other two compone
of the field are trivially zero:

Bx2~lc
2]y

21l2]z
2!Bx5f0d~y!d~z!. ~3!

FIG. 1. Schematic view of a Josephson vortex in a superc
ducting thin film of thicknesst52d.
©2004 The American Physical Society18-1
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Before analyzing the effect of the specimen surfaces, i
necessary to determine the bulk solutionBx

b . In a (ky ,kz) 2D
Fourier space, where each partial derivative] j is transformed
in ik j , Eq. ~3! reads

B̃x1~lc
2ky

21l2kz
2!B̃x5f0 , ~4!

whose solution is

B̃x
b5

f0

11lc
2ky

21l2kz
2 , ~5!

which, formally, can be inverse transformed to real space

Bx
b5

f0

4p2E E dkydkz

11lc
2ky

21l2kz
2 eiykyeizkz. ~6!

We can easily perform the integration overkz , and consider
the symmetry of the field alongy, obtaining

Bx
b~y,z!5

f0

2plE0

`cos~yky!

Q
e2~ uzu/l!Qdky , ~7!

with Q5A11lc
2ky

2.
The real-space expression ofBx can be found by integrat

ing with respect toky , and the result is, as expected,

Bx
b~y,z!5

f0

2pllc
K0SAy2

lc
2 1

z2

l2D . ~8!

To introduce the effect of the specimen surfaces, locate
z56d ~see again Fig. 1!, we go back to the London equa
tion, searching for a more general solution. As Eq.~3! is an
inhomogeneous second-order partial differential equat
and we have already obtained a particular solutionBx

b , to
accommodate the presence of an interface at the spec
surface we only need to find the general solution of the
mogeneous equation and impose the correct boundary
ditions.

The general solution of the homogeneous London eq
tion can be conveniently expressed as

Bx
s~y,z!5

f0

2plE0

`cos~yky!

Q
H~ky!coshS z

l
QDdky , ~9!

where the unknown functionH(ky) is to be determined by
the application of the boundary conditions at the specim
surface. We chose the hyperbolic cosine, rather than the m
generic sum of exponentials, because we have already
ploited the symmetry of the field. In this way, we may app
the boundary condition at the upper surfacez5d only.

As the field is identically zero in the vacuum, the boun
ary condition is simplyBx(y,d)50, which means

e2(uzu/l)Q1H~ky!coshS d

l
QD50, ~10!

which gives the solution forH(ky). The total magnetic field
which takes into account the effect of the specimen surfa
is therefore
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Bx~y,z!5
f0

2plE0

`

dky

cos~yky!

Q FcoshS z

l
QD tanhS d

l
QD

2sinhS uzu
l

QD G . ~11!

A contour plot of thex component of the magnetic field i
reported in Fig. 2. It can be seen that decreasing the sp
men thickness fromt5` ~bulk reference case! ~a! to t
5l/2 ~d!, the JV appears to decrease in size. In Fig. 2, as
y and z directions are plotted on a different length sca
(y/lc andz/l), the real dimensions are actually stretched
a factorg alongy.

III. VECTOR POTENTIAL AND PHASE SHIFT

As the magnetic field has only one component, we c
safely assume that the vector potential has the form (0,0Az)
in such a way thatB5“3A5(]yAz,0,0), orBx5]yAz . It
can be verified that the following vector potential

Az~y,z!5
f0

2plE0

`

dky

sin~yky!

kyQ
FcoshS z

l
QD tanhS d

l
QD

2sinhS uzu
l

QD G ~12!

correctly generates the previously found magnetic fie
Moreover, it satisfies“•A50, and it vanishes at infinity.

FIG. 2. Contour plot of the magnetic field associated with
Josephson vortex.~a! JV in a bulk material (t5`); ~b! field in a
specimen of thicknesst52l; ~c! t5l; ~d! t5l/2. Each field con-
tour line represents a step off0 /(10pgl2) ~e.g., 3.3 G forl
5200 nm andg55).
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The magnetic phase shift can be calculated from the s
dard Aharonov-Bohm expression~see, e.g., Refs. 10 and 11!,
adapted to our case,

w~y!5
p

f0
E

2d

1d

Az~y,z!dz. ~13!

The line integral is performed only within the specimen, b
cause above and below the surfaces, both the magnetic
and the vector potential are identically zero if the specim
is considered of infinite extension in the (x,y) plane. The
finite extension of the specimen, namely, a specimen e
where the JV terminates, would give a small negative c
tribution to the phase shift due to the field lines which ha
to form a closed loop. Since this contribution is inverse
proportional to the JV length~more precisely to the JV
length/width ratio!, it is neglected because we assume t
the specimen edge is sufficiently far away from the region
observation.

The result for the phase shift, after the integration alonz,
turns out to be

w~y!5E
0

`

dky

sin~yky!

kyQ
2 F12sechS d

l
QD G , ~14!

whose plot is reported in Fig. 3 for different anisotropy fa
tors and specimen thicknesses.

It is worthwhile noting that the total phase shiftw t
5w(`)2w(2`)52w(`) is not identically equal top as
one may expect from the fact that the vortex is carrying
single flux quantum. Rather surprisingly, the total phase s
can be evaluated as

w t52 lim
y→`

w~y!5pF12sechS d

l D G , ~15!

which is equal top only in the limit d@l ~bulk case!. The
previous result was obtained considering that in the fram
work of distribution theory

lim
y→`

sin~yky!

ky
5

p

2
d~ky!. ~16!

FIG. 3. Phase shift of a Josephson vortex for different value
the specimen thickness as a function of the distance from the c
For negativey values, the phase shift has odd symmetry.
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The plot of the total phase shift is reported in Fig. 4. T
decrease of the total phase shift in very thin films of isotro
superconducting material has been also noticed in Ref. 1

Incidentally, we may note that the profile displayed in F
4 is indicative of the phase shift associated with a Joseph
vortex also when its axis does not follow thex̂ direction
throughout the entire specimen, provided that the line sca
taken along the perpendicular to the local direction of the
axis. In fact, the total phase shift is directly proportional
the magnetic flux carried by the JV, and the total flux is n
dependent on the JV axis being alongx̂ or following some
regular curved path in the (x,y) plane. Therefore, if the JV
follows curved paths, possibly because of material defect
disorder present in the sample, the total phase shift, Eq.~15!,
remains accurate.

It is important to emphasize that the total phase shiftw t
does notdepend on anisotropy. The role of anisotropy is
change the spatial distribution of the phase shift along thy
axis ~as shown in Fig. 3!. This apparently negligible detai
leaves some hope to detect the Josephson vortex in a
TEM sample. In fact, there are two major constraints i
posed on the experiments: first, the total phase shift mus
larger than the limit of the phase retrieval technique e
ployed; and second, the phase shift must be localized in
the field of view of the recorded image. Only the seco
requirement, as it will be now demonstrated, is strongly
fected by anisotropy.

We can provide an estimate of the spatial extent of
phase shift, introducing thevortex width, whose geometrica
definition is explained in the inset of Fig. 5. The widthw can
be calculated from the phase derivative in the origin a
from the total phase shift

w5
w t

w8~0!
5jlc , ~17!

where the factorj can be evaluated numerically from

1

j
5

1

w t
E

1

`dq

q

12sech~qd/l!

Aq221
. ~18!

f
re.

FIG. 4. Total phase shiftw t as a function of the reduced spec
men thicknessd/l. In the inset, the ultrathin region is displaye
together with two reference phase values ofp/20 andp/100.
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While the factorj is a nontrivial function of the ratiod/l,
the vortex diameter turns out to be linear inlc . The plot of
w/lc as a function ofd/l is reported in Fig. 5. As a remark
it is necessary to point out that the parameterw is only an
estimate of the spatial extent of the phase shift, and sho
not be extrapolated outside of the geometrical definition h
assumed. In particular, it cannot be directly correlated to
physical extent of the supercurrents, as the phase shift
projected quantity. However, as the TEM images mainly
pend on the phase shift, the evaluation of the phase exte
relevant.

For a thick specimen, whend@l, the factorj converges
to the value 2. This is consistent with the expectation fo
bulk material, where the phase shift is purely exponen
with a decay length equal tolc . For other ratiosd/l, the
vortex width is affected by the specimen surfaces, an
appears to be moreconcentrated. In fact, as shown in Fig. 5
w goes to zero for very thin specimens. A non trivial ma
ematical analysis is necessary to evaluate the series ex
sion of the vortex width for very thin specimens. The fin
result is expressed in the following relation:

w51.35gd, ~19!

valid only for d!l. For a generic material with anisotrop
factorg510, the vortex width decreases fromw520l in the
bulk to w52.7l in a specimen of half thicknessd5l/5,
which is roughly a factor of 8.

This result is rather surprising. Whenever surfaces are
volved, consistently with what has always been observed
would expect an enlargement of the vortex size with a
creasing thickness. For instance, in the case of P
vortices,13 the spatial extent is related tol2/d, which di-
verges ford!l. However, the situation here described ca
not be compared easily with the results obtained when
vortex is perpendicular to the specimen surfaces. Here
vortex is parallel to the surfaces, and the surround
vacuum plays a different role with respect to the perpend
lar case.

Combining the two positive results of~i! a total phase
shift only dependent on theab penetration depthl and~ii ! a
flux concentration for thin specimens, we can now clea
show that the direct observation of a Josephson vortex
TEM is feasible.

FIG. 5. Apparent width of a Josephson vortex, measured inlc

units, plotted as a function of the reduced specimen thicknessd/l.
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IV. JOSEPHSON VORTICES IN TEM

In order to give an explicit example of how a Josephs
vortex should appear in the TEM, we will now consider t
real cases of YBCO and BSSCO. The first is characteri
by an ab penetration depth of the order of 200 nm and
anisotropy factor around 5, which meanslc51 mm. The
latter has instead a penetration depth around 300 nm a
very large anisotropy factor which can be taken equal to 2
The lc of BSSCO is therefore of the order of 60mm.

To maximize the total phase shift, the specimen should
thick enough to ensure that the phase shift is larger than
sensitivity of the technique employed. In general, a cons
vative estimate of the minimum detectable phase shift can
taken to bep/20. Therefore, asw t.p/20 for d/l.0.65
@from Eq.~15!# the specimen thickness should bet.1.3l or
t.260 nm in the case of YBCO. To be even more conser
tive, we may safely assume thatd5l or t5400 nm, which
is well within the specifications of the 1 MV state-of-the a
microscope developed in Japan.14

In terms of spatial extent of the phase shift, the ma
limitation is the field of view that can be recorded in a sing
image. Moreover, holography requires a large spatial coh
ence, in order to establish the interference pattern on
image. Finally, from a specimen preparation standpoint
may be very difficult to prepare clean, flat single crystals
several microns in size. Therefore, it would be recomme
able to keep the specimen thickness rather low, in orde
exploit the surface-induced confinement effect of the jose
son vortex. Ford50.65l, Eq. ~18! gives the valuej50.8,
which meansw50.8 mm. For the thicker specimend5l,
the resulting width would bew51.2 mm in the YBCO case.

For BSSCO the situation is more delicate. To have a r
sonable spatial extent, we have to decrease dramatically
specimen thickness, down to the limit of current phase
trieval techniques. Assuming that a phase shift as smal
p/50 is detectable~it is stated in Ref. 15 that evenp/100 can
be achieved!, we can decrease the specimen thickness do
to d50.2l, or t5120 nm. This results in a phase spat
extent of 11mm, which still is within the reach of the spec
men preparation techniques and the electron-optical confi
ration of the microscope.

Phase and image simulations of Josephson vortices fo
two cases of YBCO and BSSCO are shown in Figs. 6 and
In ~a! the holographic contour map is displayed, prope
amplified (163 for YBCO and 2563 for BSSCO!. The line
scan of the phase shift across the vortex cross section is
shown in ~b!. In ~c! the out-of-focus image simulation i
shown, with a line scan displayed on the right in~d!. The
defocus distance, assuming an accelerating voltage of 1
is 50 mm in the YBCO case and 10 m in the BSSCO ca
The defocus value for the BSSCO is rather large, but
observation of vortices in superconductors by TEM oft
requires such distances due to the large size of the vorti
The contrast values obtained are above the usual limi
detectability~3%!. The contrast obtained for YBCO~50%! is
comparable, if not higher, to the standard contrast value
the observation of regular vortices. The image contras
defined as (I max2Imin)/(Imax1Imin).
8-4
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V. CONCLUSIONS

The distances involved, and, in general, the requireme
pointed out in this paper, are within the technical specifi
tion of modern microscopes. This strongly suggests that
direct observation of Josephson vortices by TEM is with
reach, especially for low- or medium-anisotropy materia
For high-anisotropy material, such as BSSCO, the exp
ment appears to be challenging but possible. There is
room for improvement, especially considering that the ph
retrieval techniques are endlessly progressing, both in a
racy and sensitivity. In a recent work16 it is claimed that tiny
phase shifts as small asp/150 would be detectable in TEM
This would allow a further reduction of the specimen thic
ness, which in turns would facilitate the specimen prepa
tion. Finally, the electron microscope should be flexib
enough to record Fresnel images at a very low magnificat

FIG. 6. Josephson vortex in YBCO:~a! holographic cosine map
of the phase shift (163 amplified!; ~b! line scan of the phase shif
across the vortex axis;~c! out-of-focus image~50 mm defocus! of
the JV; ~d! line scan of the out-of-focus image showing the 50
image contrast obtained.
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This requires an electron-optical configuration which is n
the standard for any microscope. However, defocus distan
of several meters have been already reported17 and in the
observation of pancake vortices the vortex lattice is of
imaged at a very low magnification. All considered, it can
clearly stated that there are no serious obstacles which
prevent the success of the proposed experiments. It is h
of the author that this theoretical investigation will stimula
the experimental research which may finally lead to the fi
direct observation by TEM of a Josephson vortex in a sup
conducting material.
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FIG. 7. Josephson vortex in BSSCO:~a! holographic cosine
map of the phase shift (2563 amplified!; ~b! line scan of the phase
shift across the vortex axis;~c! out-of-focus image~10 m defocus!
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